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Efficient MPIE Approach for the Analysis of Three-
Dimensional Microstrip Structures in Layered Media

Rainer BungerMember, IEEE,and Fritz Arndt,Fellow, IEEE

Abstract— A full-wave space-domain method is presented may be adequate for the modeling of vias, coax pins, and thin
for the rigorous and fast investigation of printed circuit pond wires, this approach would be inaccurate for air-bridges
structures of arbitrary shape on uniaxial anisotropic layered used in MMIC devices

substrates including three-dimensional (3-D) metallizations. Th d in techni h Iready b full
The electromagnetic (EM) fields are described in terms of a € Space-domain technique has already been successiully

mixed-potential-integral-equation (MPIE) formulation. Two applied at scattering problems [13]. The efficiency of the MPIE
different techniques—the matrix pencil (MP) technique and a formulation is demonstrated in [13] at the example of the

cross-sectional eigenvalue (CSEV) approach—are employed todijelectric half-space where computationally efficient expres-
extract the S-parameters of the circuit under consideration. The sions for the Sommerfeld-type integrals have been introduced.

usage of a triangular mesh allows the convenient modeling of - ) . -
arbitrarily shaped structures. Therefore, the main advantage In this paper, in order to maintain the full flexibility of the

of this method is its generality, which allows a large variety of Space-domain method, no special assumptions are made.
printed circuit structures to be characterized. The flexibility of The matrix pencil (MP) technique [7], [8] and a cross-

the method is demonstrated at the example of spiral inductors sectional eigenvalue (CSEV) approach are employed to extract
including air-bridges with finite-metallization thickness. the S-parameters of the circuit under consideration. By con-
trast with the MP technique, the CSEV approach turns out to

|. INTRODUCTION also yield accurate results for very short port-line lengths. The

Ffﬁciency of the presented method is demonstrated within the

ERTICAL interconnect elements in multilayered circui v ) : L .
. S . xample of spiral inductors including air-bridges (Fig. 1). For
environments, such as air-bridges, via holes, or bon%{

wires, play a significant role in recent microwave monolithnt, e rectangular structure [Fig. 1(a)], the available reference

integrated circuit (MMIC) technology [2], [10], [19], [21]. Up \éailcli"es |r; [2] fodr Pesllﬂlbl?hmetarlllzaﬂonI\;hlrckn\t/esrs 3{ the t?:r_r ,
to now, for the full-wave analysis of such three-dimensionF{ ge are used to verify these results. Moreover, the authors

(3-D) structures, the spectral-domain-analysis (SDA) tec DTD calculatlons. are carried out fgr rgference purposes.
. L : . ...~ “In contrast to [2], in this paper the air-bridges may include
nigue [2], the finite-difference time-domain (FDTD), flmte-'n'te-metall' ation thicknesses (Fig. 1)
element (FE) (e.g., [10], [21]), and mode-matching (MMSI ' Izatl ' 9. L)-
methods [19] have been applied. Although very flexible,

the numerical FDTD or FE approaches require a significant [I. THEORY
effort in central processing unit (CPU) time and storage

requirements. The extensive use of the fast Fourier transfoAm Formulation of the MPIE

(FFT) algorithm makes the SDA technique very efficient, but , . . .
limits, on the other side, its application to structures wit The Green'’s functions for the mixed potentials have already

identical segment sizes. The MM technique in [19] is restricted - derived by Michalski and Zheng in [11]-{13]. Therefore,

to rectangular via holes. It may, therefore, be desirable %ﬂy a short summary will be given here, concentrating mainly

dispose of adequate analysis and circuit design techniquesqgrnew aspects. For further details of the basic theory, the

: : . . reader is referred to the literature.
3-D passive MMIC devices, which combine the advantage O%The boundary condition for the electric field on th

full flexibility with that of numerical efficiency. . )

In this paper, a flexible full-wave space-domain mixed'§urface of the perfect metaliic scatterer is
potential-equation (MPIE) method is described for the rigorous A x E(r) = i x EiHC(T) rons. @
and fast investigation of printed circuit structures of arbitrary ’

shape on layered substrates including 3-D metallizations. WRs the unit normal vector of the scatterers surfSc&™ and
to now, for MMIC structures, the MPIE approach has beepsc gre the incident and scattered fields in complex notation.

used merely for planar two-dimensional (2-D) printed circuitgpe mixed-potential-integral equation (MPIE) is written as
[9]. A triangular mesh allows the convenient modeling of

arbitrarily shaped structures without the assumption of specific —E*(r) = jwA(r) + Vo(r) 2)
attachment basis functions. Although the usage of a wire model

using the vector potential
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el T Ref Pl in detail three formulations. Their formulatiofi results in a
I ‘ continuous functionG?®.
| | The derivation ofGZ” in this paper is based on a formu-
* : - *1 1 lation by Felsen in [3]. This formulation relates the Green’s
‘ Port 2 functionsG=”/ for the fields to the transmission-line Green’s
: functions, T', Y, Z [3], and allows a high flexibility of
: the MPIE technique. Since the equations in [3] are given
| for source-free regions, an extension for source regions is
s —] necessary.
—l==s To clarify some notations, the observation point residing
in the {th layer is denoted byx{ ¥, z) and the source point
| | residing in thejth layer is denoted byx(, ¥/, '), respectively.
! N Tt The generally uniaxial anisotropic layered medium of infinite
l L th extend in thez- and y-directions is characterized by the
d i relative permittivity and permeability dyadics

Port 1

T+ @?)) it + 22634 (6)

~—~

Gi_

Port 2 for the ¢th layer. Using the notation of Felsen in [3] for the
transmission-line Green’s functiot Y, Z,! one obtains for
the dyadic and scalar Green’s functions

jwG (o, 2, #)
= (&% +99) So{Z" (2, #)}
) T//I
—2% cos <pjk0770urt 1{
T (2, 2') T’I(7 7)}

T’I(7 P )}

—&% cos ¢ jkonopl, S1

I - ] h-f —2g sin ¢ jkonopis, 1{
{T//L T/L ( /) }
(b)

Fig. 1. Spiral inductors in microstrip technique with an air-bridge of fi- . .
nite-metallization thickness. (a) Rectangular spiral and (b) continuous spi- —Yyz s <PJ/€0770Nrt 1
ral structures. Dimensions for the rectangular structure analogous to [2]:

TV (z, 2) T" (z, 7)}

a = s = 0.3125 mm, w = 0.625 mm, 2 = 0.3175 mm, d = 0.635 o k 2
mm, & = 9.8, tan 6 = 0. Here,t # 0. +22773N;tliﬁt So <_0> Y”(z, o
e

. 1 B\ 2

and the scalar potential +| = o ) (2, 7) (8)
. urterz Nrterz k@
o) = [ G¥ror)astr) ds' @ (e )= 2o
s ——G%p, 2 7)) = So{ . 5 A )} )
i k@

where the surface—current density is related to the surface-
charge density by

Vi Is(r') + jwgs(r’) = 0. (5)

G+ and G% are dyadic and scalar Green’s functions for the
vector and scalar potential.

with

(-2 )+9ly-y)
= o(& cos ¢ + 1 sin ). (10)

[

Like formulation C in [11], this results in a continuous

function G®, so that no additional contour integrals in the
The Green’s functions for the scalar and vector potentighace domain are needed. The definition of the Sommerfeld

may be derived from the Green’s functiGif’ for the electric integral S,,, as well as the relations for the transmission-line

field produced by an electric source. Because of the fact ti@teen’s functionsl’, Z, Y, are given in the Appendix.

the relation between the Green'’s functions for the electric field

and the mixed potentials is not unique, different formulations: s¢corging to [3], the superscrigt denotesi-waves, and the superscript

are possible. Michalski and Zheng [11], [12] have discussédenotesF-waves.

B. Green'’s functions
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the current is modeled with a semirooftop function with the
maximum on the attachment point. This is the second part of
the attachment basis function.

Introducing the approximation

N
Is(r) =Y Inf,(r) (14)
n=1

for the surface—current density oh using Galerkin’s method,
and applying the 2-D divergence theorem, yields for st
equation

Téln{jw/s Fon(r)-An(r) dS—/S (Vs For ()] (r) dS}

— [ 1utr) B (ryas
S
Fig. 2. Real part of the surface—current distribution on the metallic surface (15)
of the rectangular spiral inductor [Fig. 1(a)]= 0.156 25 mm, f = 11 GHz.
Also shown is the triangular mesh. where the potentials are defined as

C. Method of Moments An(r) = / Gir, ') £.(r')dS’ (16)
R

For the solution of the MPIE, the method of momentgng
(MoM) with triangular patches (see Fig. 2) and a set of basis 1 " - N e
functions as described in [17] are used. Additional attachment Pn(r)=— Jw - G?(r,v)Vis - f,.(r")dS’. (17)
basis functions near the attachment points of coax pins or wires _ e o .
[22] preserve the continuity of the current at the junctions. The system matrix of the resulting linear system of equations
The ordinary basis function belonging to a common edgelS calledimpedance matrixthe right-hand side (RHS) vector

of two trianglesZF and 77 is defined as is called excitationor voltage vector.
+ The first part of the simplified-attachment basis function,
e (r) rin T+ which is defined on the attached triangles with a prescribed
2457 " amplitude, may be used as the source for the incident field
Folr) =2 o:(r) L (11) E™°. This is a good choice for the excitation if scattering
24 rin T, parameters related to microstrip lines are compatdthe
0, otherwise. algebraic and the computational effort for the calculation of

n ) n the excitation vector is negligible as it is computed in the
The A7 are the areasjE of the tr!angjltést. The vectorsp: (Ti) same way as the impedance matrix. However, if scattering
are defined as=(r —r37) if v is in 177, where the vectorsy o ameters related to coaxial cables are of interest, the coax

are the position vectors_ of the free vertices of _the trial_’l_gle pa]!fins should be included into the integral equation. In this case,
The attachment basis function used here isdimeplified- o magnetic-current frill excitation is an accurate source for

attachment basis functiopresented in [22]. Considering aihe incident field [22].
single attachment point, there a€¢* trianglesq connected

to it, where one of the vertices must be the attachment poi
If the three vertices of a trianglg are denoted withi, j, and o ) )
k, and their opposite edges with the vecttjg?, andl’q“, then For the determination of the scattering matrix of fHeport

vertex j shall be the attachment point. The angle between tAucture, the incident and reflected fundamental modes on the

edgesl’ and® is o, the total anglex is defined for each £V microstrip lines must be known fa¥ different excitations.
q q q’

attachment point as the sum of all its angte’q;’s Using this The resulting linear system of equatioBs= S - A, where A

notation, the first part of the attachment basis functions on tABd B are V. x N matrices of the\' vectorse andb for the
attached triangles can be written as N different excitations is solved for the scattering mat$ix

. The fundamental modes and even higher order modes on the
Q7 i
83
— E q
fn(’r) - = 20{

B Extraction of the Scattering Parameters

microstrip lines are determined by utilization of the efficient

ey(r) | e5(r)
(12) wp technique, which is discussed in detail in [7] and [8].

24, 24, The MP technique is used advantageously for the estimation

with of parameters of complex exponentials in noise. The efficiency
‘ i rinT of the MP technique results, in particular, from the fact that an

QZ(T) = { 0 N otherv(\llise (13) eigenvalue problem can be formulated for the determination

2In this case, the attachment function is not a “basis” function in the original

wherer!, is the position vector to the vertexof triangle ¢,  sense and is not included in the set of fiiebasis functions.

andA, is the area of triangle. On the attached wire segment, Here, NV denotes the number of transmission lines.
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Fig. 3. Comparison of two different methods, the MP technique and the CSEV approach, for the scattering parameter extréct{ah.5, magnitude,
10-mm line length. (b)S11, phase, 10-mm line length.

of the signal poles. The sampled data sequence of leAgthcan be estimated by the generalized eigenvalues rohix
is described by pencil (MP)

M ' Y, —2Y> (19)
yp = D byl HIPk gy

- whereY; andY; are data matrices, as described in [7]. The
t=

Iy utilization of singqlar—\(alue decompo_sition t_echniques Ieads
_ Z b2k + (18) to a stable approxmaﬂqn of_ the matrix pencil, and the signal
— ¢ poles are computed as its eigenvalues. Ialre known, the
residuesh, are obtained after a solution of an overdetermined
where n;, denotes the noisey, the signal poles, an& = linear system of equations by a singular-value decomposition
0,1,---, K — 1. It can be shown [7] that the signal polesn the least square sense.
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Fig. 3. (Continued.)Comparison of two different methods, the MP technique and the CSEV approach, for the scattering parameter extzadiion
(c) S11, magnitude, 5-mm line length.

For the determination of the matrice$ and B, the line I1l. NUMERICAL IMPLEMENTATION
currents on théV microstrip lines are sampled for each of the
N excitations. From these line currents, all desired modes cAn Treatment of Green’s Functions Static Parts

be extracted with the help of the MP techniqu,e. The static parts of the Green’s functions in the spectral
A second technique is based on the CSEV's. An adequai§main are the asymptotic terms floy — oo, wherek, is the

technique for the analysis of the cross section problem ghecira| variable. In the space domain, the static parts are the
transmission lines in multilayered media, like that descr'bes‘?ngular parts of Green’

in [6], may be used to compute the surface—

ing the voltage—current definition. The generally preferredh s in the spectral domain are transformed into the space
power—current definition requires the integration of the Poyriy main analytically by using the Sommerfeld identity
ing vector in the transversalz cross section of the transmis-

sion line, where the integration over the horizontal variable ek =]
« can be transformed into an integration over the corre- / Jo QQ)T
sponding spectral wavenumbér, [16]. In this paper, the c T
voltage—current definition of the characteristic impedance h@ghere C is a path from 0 toxo, and the relation
been used.

It is also possible to use not only the characteristic kel eIy jkr
impedance of the eigenmodes but also the eigenvalues Ji(koo)e™ " dky = T - E ¢ (21)
and eigenmodes itself for the extraction of the scattering
parameters. The computed surface—current distribution which may be derived by integration by parts.
the transmission lines of the investigated 3-D structure When source and observation points are located in the same
may be expressed by a weighted sum of eigenmodes wilyer, the first three largest asymptotic terms are extracted in
unknown amplitudes. The resulting equation, which relates ttiee spectral domain. In the space domain, these three static
eigenmode expansion of the surface current to the computetims represent thdirect part, and twamagesat the upper and
surface current, is tested with the eigenmodes, and a liné@wer interfaces. In this way, the Sommerfeld integrals yield
system of equations for the expansion coefficients is obtainegry smooth results in the space domain. When source and
These coefficients are used as described above to computeolservation points are located in different, but neighboring,
scattering parameters. layers, only the largest asymptotic terms are extracted. In this

In the present context, only a single eigenmode (for eachse, there are nimnageterms. Thedirect and image parts
direction) has been used in order to extract the scatteriogn be identified directly from the transmission-line Green’s
parameters. functions.

e—]k’l’

ko dk, = (20)
"
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Fig. 4. Magnitude and phase of tlteparameters of the structure of Fig. 1 foe= 0. Comparison with the SDA [2] and the authors’ FDTD calculations.
(@) S11, magnitude and (b)Si1, phase.

ACKNOWLEDGMENT plied with the basis functions cannot be integrated analytically,

Dealing with G* and the diagonal elements 6f* for the the statchpgrts are simply ad(_jed to t_he nondiagonal FeQU'ar
arts ofG** in the space domain, and integrated numerically.

calculation of the scalar and vector potentials, (16) and (1 . . .

: . The singularity of the total nondiagonal elements @f
one to three static parts'are mtegratgd for the scala.r potemf:?g'ses no numerical difficulties, because the triangular seg-
and one up to three static parts are integrated (multiplied wWifflo g are not allowed to cross the interface between adjacent
the basis function) for the diagonal elementsgst for the layers.
vector potential using the equations developed in [20]. For theThe treatment of the singularities in layered media is
nondiagonal elements ¢, the analytical expressions of thesimilar to the treatment of singularities in free space,
extracted static parts are singular only at the interfaces betwele@ only difference is the appearance of additiombhge
the adjacent layers. Since the terms of the static parts mutgfms.
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Fig. 5. Influence of the finite thicknes®f the air-bridge on the magnitude and phase of the scattering parametets, (a)agnitude and (b¥2;, magnitude.
B. Evaluation of the Sommerfeld Integrals Therefore, a different integration path (partially above the

For the integration in the complek,-plane along the real real axis) has Pee” chosen. The int_egral ?S computed along
axis only, Mosig [14], [15] has proposed some techniques fortO 025ko + j0.25ko, 10 max (Re /Rocy/iie) + j0.25ko,

. T . and back tomax (Re /koe’, it 0.25kq for the first in-
the efficient numerical integration near the surface poles a{ba max ( 0¢zin) + 0.25k0

- ) val. This path works even if parallel-plate poles must be
the branch cut. The pole-extraction technique would work welphsidered.

for special applications, but in general, the number of poles isFor the subsequent real-axis integration up to infinity,
not known, and, hence, the extraction of the poles is difficuliosig’s method of averages [14] is considered to be the
in this case. best choice. The convergence of this technique is very fast.
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(d)

(Continued.)Influence of the finite thickness of the air-bridge on the magnitude and phase of the scattering parametefso(cinagnitude
I-A.

A further improvement of the convergence rate is obtainedthout the (extracted) static terms are sufficiently regular, and
after the extraction of static parts, as discussed in Sectionly a few sampling points are necessary in thdirection.
C. Interpolation of Green’s Functions

Usual interpolation techniques (overfor planar scattering

Therefore, the memory and time requirements for this 3-D
problems are known to work very well.

interpolation are very low. A Lagrange interpolation of the
second degree has been used here.

However. for thi©- Determination of the Linear System of Equations

paper's 3-D scattering problem in layered media, a 3-D The procedure for the computation of the impedance matrix

interpolation (overg, z, andz’) is required, and very smoothelements is based on the technique of [17]. The testing integral
functions are necessary. Fortunately, the Green’s functiasscalculated using a one-point integration rule (i.e., one-point
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Fig. 5. (Continued.)Influence of the finite thickness of the air-bridge on the magnitude and phase of the scattering parameterSq(ephase
and (f) S22, phase.

testing procedure) as a special case of a numerical loimternal edges, it would not be efficient to utilize a nested
order integration. The error of the computed surface currert®p procedure for the observation and source-basis functions

obtained by this rather coarse approximation turned out t@ and n. An efficient algorithm, however, is obtained by
be very small. Exceptions are microstrip antennas nearinéroducing the potentials
resonance frequency, where a three-point test integration rule

may be used.

For the efficient computation of the impedance matriand
and excitation vector elements, an adequate preprocessing
technique is important after the generation of the triangular

Aé(r) = /T g’ (r, ") -Qg(r’) ds’

. 1
= ——
¢ v J,

G?(r, 1) dS’
mesh. Although the ordinary basis functions are assignedvihere j = 1,.-.,3 denotes the vertices of a source trian-

(22)

(23)

1149
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Fig. 6. Scattering parameters of the continuous spiral inductor of Fig. 1(b). Dimensien$.3125 mm, s = 0.15625 mm, w = 0.625 mm, h = 0.3175
mm,d = 0.635 mm, e = 9.8, tan 6 = 0, t = 0. (a) Magnitudes and (b) Phases.

gle ¢ and by implementing the nested loop procedure for The introduction of normalized area coordinates, as in

the observation and source trianglesand ¢g. Ordinary and [17], yields an effective procedure for the calculation of the

attachment basis functions are handled in the same way dgéentials (22) and (23). The resulting integrals may be used
to introducing appropriate arrays for the corresponding factd® the different basis functions defined on the source triangle
and the parameter inherent in the definition of the different ¢

basis functions for each triangle and vertex. The integrals are

then included in the impedance matrix and in the excitation V. RESULTS

vector, if the first part of the attachment basis function is usedin order to compare the results of the MPIE method pre-

as the source of the incident field. sented in this paper with available measured data, the rect-
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angular microstrip spiral inductor with an air-bridge are firatf a flexible MPIE formulation, and the efficient MP and
chosen [Fig. 1(a)] according to Becks and Wolff [2] as aigenvalue techniques, respectively, are employed to extract
design example. In contrast to [2], however, the flat strifne scattering parameters of the circuit under consideration.
of the air-bridge may include a finite-metallization thicknesa triangular mesh allows the convenient modeling of ar-
t. bitrarily shaped structures without special attachment basis

For the solution of the MPIE, the MoM with triangularfunctions. Therefore, the main advantage of this method is
patches (Fig. 2) and basis functions as described in (11) &se generality, which allows a large variety of printed cir-
used. Fig. 2 illustrates the real part of the surface current ounit structures to be characterized with high accuracy and
the metallic surface of the rectangular microstrip inductor fafficiency.
f = 11 GHz. For this example, the lengths of the transmission
lines on both sides of the spiral inductors are chosen to be
5 mm, measured from the reference planes (Fig. 1). The
imaginary part shows the same behavior for this frequency o
and is, therefore, not displayed. The structure is excited At Definition of the Sommerfeld Integral
port 1.

The results of the two different scattering-matrix extraction
techniques, i.e., the MP technique and the CSEV approach, 4 _ 1 F n+1
are compared with each other in Fig. 3. For this calculation, Sntflhe)} = o /C f(ko) n(koo)ky ™ dky (24)
the lengths of the transmission lines are first assumed to
be 10 mm [Fig. 3(a) and (b)]. Merely at a few frequency
points, the MP technique shows some small spikes which
depend on the number of considered signal poles and QRere( is a path from 0 tax, as discussed in Section I1I-B.
the number of sampling points. In general, the differences
between the two techniques are negligible. However, if t@
lengths of the lines are reduced (to 5 mm, for example), more
significant differences may be perceived [Fig. 3(c)]. It turns The characteristic admittance and impedance in Felsen’s
out that only the CSEV approach gives accurate results faptation [3] are forE-waves
very short lines. For all following figures, the CSEV approach ‘
has, therefore, been used for the extraction of the scattering y! — Jweg 1 (25)

APPENDIX

Summary of Transmission-Line Green’s Functions

parameters. gk 7

Fig. 4(a) and (b) show the magnitude and phase of the
scattering parametes;; of the rectangular spiral inductor ofand for H-waves
Fig. 1(a) fort = 0. Because of some differences to Becks ‘
and Wolff [2] for the phases, the authors have used their own v — ﬂ _ 1 (26)
FDTD reference calculations. Good agreement between the Y jwpy 27
MPIE calculations and the reference values may be stated.
The calculations have been carried out on an IBM RISC 608dth the vertical propagation constants
workstation.

In order to demonstrate the influence of a finite air-bridge

metallization thickness on the results, Fig. 5 presents the Gk = %kﬁ—k%eﬁtuﬁt 27
magnitudes and phases of the scattering parameters of the rect- Cra

angular spiral inductor [Fig. 1(a)] for different metallization i I o

thicknesseg. As may be stated, the thickness is of perceptible gkt = i k3 — kgertize (28)

influence on both the magnitude and phase.

The flexibility of the presented MPIE method is demong, . » o4 1 waves in theith layer

strated by the example of the continuous spiral mductorThe reflection coefficients” for E- and H-waved in

structure Fig. 1(b). The corresponding scattering parameters - 4 and backward direction are
are shown in Fig. 6(a) and (b).

VI. CONCLUSION r;= (29)

=
|
itk

=

The modified space-domain method described in this paper +

is a powerful and flexible tool to calculate the full-wave
scatte_nn_g par_ameter_s of arbitrary 3-D m!crostr_lp S“‘JCF“T ¥ the 4th layer. Thel?i are the terminal admittances at the
on uniaxial anisotropic layered substrates, including the finit Swer and upper interfaces in thia laver. corresponding to the
metallization thicknesses of air-bridges. The method involves PP yer, P 9
mutual coupling effects and losses due to radiation and surfac:y, convenience, the corresponding distinguishing superscfiptsd

waves. The electromagnetic (EM) fields are described in termas Section 1I-B), are omitted in the remainder of this section.

—
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left-hand side (LHS) and RHS of the equivalent transmissiong]
line section: at z; and z;11.

If the source and observation points are in the same laygj
¢ = 7, the voltage transmission-line Green’s functiBfz, ') "
is

e—ikilz=2"]

(5]

Z(Z, Z/) = — — | | [1 + (fie_]?ki(z<_zi)]
2Y;(1 — I'; T jemi2kehi) .
14 T e ik in—2s)] e

(30)

with z. = min (z, 2’), 25 = max (z, 2), andh; = %41 — 2.
In these equations, thefunctions have decreasing magnitudes
[11].

If observation and source points are in different sections [8]
and 7, one has forz > 2/

(7]

. El
T
Z(z, 2') = Z(z;, #)

1+ T e—iZkih; [10]

L+ Thei2kiGn—2) (31)
[11]
and forz < 2/
—JkL(zi41—2)
Z(z, 2") = Z(2i41, z/)e<_—_ [12]
1+ Fie—ij;hi
S[1 4 [yems2etem=0], (32) 13

The current transmission-line Green’s functibifz, z’) is
analogously obtained and may be formulated by interchanging

—
—

r—-
Yi — Z;
Zi =Y
Z(z, 2') = Y(z, )

_
-
r;

[15]

[16]

in the preceding equations. The remaining transmission-line
Green'’s functiong'(z, ') are determined by using the equa-
tions [17]

—d% Y(z, 2) =k YTV (2, 2) (33) [18]

and
d o ; [19]
- Z(z, 2 =jk. ZT (2, ) (34)
z
given in [3].
The authors thank J. Ritter for the FDTD reference calculf”!
tions, I. D. Rullhusen for many helpful discussions, and J. R.
Shewchuk for his mesh generator.
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